Kreweras' conjecture [1] asserts that every perfect matching of the hypercube Q d can be extended to a Hamiltonian cycle. We [2] proved this conjecture but here we present a simplified proof.
Introduction
A set of edges P ⊆ E of a graph G = (V, E) is matching if every vertex of G is incident with at most one edge of P . If a vertex v of G is incident with an edge of P , then v is covered by P . A matching P is perfect if every vertex of G is covered by P .
The d-dimensional hypercube Q d is a graph whose vertex set consists of all binary vectors of length d, with two vertices being adjacent whenever the corresponding vectors differ at exactly one coordinate.
It is well known that Q d is Hamiltonian for every d ≥ 2. This statement can be traced back to 1872 [5] . Since then the research on Hamiltonian cycles in hypercubes satisfying certain additional properties has received considerable attention. An interested reader can find more details on this topic in the survey of Savage [4] . Dvořák [6] showed that every set of at most 2d − 3 edges of Q d (d ≥ 2) that induces vertex-disjoint paths is contained in a Hamiltonian cycle. Dimitrov et al. [7] proved that for every perfect matching P of Q d (d ≥ 3) there exists some Hamiltonian cycle that faults P , if and only if P is not a set all edges of Q d of some dimension.
The matching graph M(G) of a graph G on even number of vertices has a vertex set of all perfect matchings of G, with two vertices being adjacent whenever the union of the corresponding perfect matchings forms a Hamiltonian cycle. There is a natural one-to-one correspondence between Hamiltonian cycles of G and edges of M(G). Enumeration of all Hamiltonian cycles of hypercube is a well-known open problem. Douglas [8] presents upper and lower bounds on the number of Hamiltonian cycles of hypercubes. So we are interesting in structural properties of M(Q d ). Kreweras' Conjecture 1 can be restated in the following way: There is no isolated vertex
We [2] proved this conjecture but here we present a simplified proof.
Let K(G) be the complete graph on the vertices of a graph G. Observe that the following theorem simply implies Kreweras' Conjecture 1.
Proof. The proof proceeds by induction on d. The statement holds for d = 2. Let us assume that the statement is true for every hypercube Q k with 2 ≤ k ≤ d − 1 and let us prove it for d.
Let u 1 u 2 be an edge of P . We divide the
The set of edges P 1 is a matching of K 1 that is not perfect since u 1 is uncovered. The number of vertices of K 1 that are uncovered by P 1 is even. So we choose an arbitrary perfect matching S 1 on those vertices. Hence, P 1 ∪ S 1 is a perfect matchings of K 1 and there exists a perfect matching R 1 of Q 1 such that (P 1 ∪S 1 )∪R 1 is a Hamiltonian cycle of K 1 by induction.
Our aim is to find a similar perfect matching R 2 of Q 2 that join the perfect matching R := R 1 ∪ R 2 of Q d . However, we forbid some edges to be contained in R 2 that preserves P ∪ R be acyclic. The forbidden set of edges is
such that xx ′ , yy ′ ∈ P and there exists a path between x ′ and y ′ of P 1 ∪ R 1 .
Observe that P 1 ∪ R 1 is a partition of Q 1 into vertex-disjoint paths between vertices uncovered by P 1 . For every path between x ′ and y ′ of this partition there exists vertices x and y of Q 2 such that xx ′ , yy ′ ∈ P . Thus, the set of edges S 2 is a matching of K 2 . Moreover, the set of edges P 2 ∪ S 2 is a perfect matching of K 2 because S 2 covers each vertex covered by P but not by P 2 . Hence, there exists a perfect matching R 2 of Q 2 such that (P 2 ∪ S 2 ) ∪ R 2 is a Hamiltonian cycle of K 2 by induction. Observe that R := R 1 ∪ R 2 is a perfect matching of Q d .
We prove that P ∪ R is a Hamiltonian cycle of K(Q d ). Suppose on the contrary that C is a cycle of P ∪ R that is not Hamiltonian. Notice that C cannot belong to K 1 or to K 2 by induction. So C has edges in both K 1 and K 2 . Now, we shorten every path xx ′ · · · y ′ y such that x, y ∈ V (Q 2 ); x ′ , y ′ ∈ V (Q 1 ); xx ′ , yy ′ ∈ P and x ′ · · · y ′ is a path of P 1 ∪ R 1 by the edge xy ∈ S 2 . Hence, we obtain a cycle C ′ of (P 2 ∪ S 2 ) ∪ R 2 . We prove that C ′ does not contain a vertex of K 2 which is a contradiction because (P 2 ∪ S 2 ) ∪ R 2 is a Hamiltonian cycle of K 2 by induction.
If C does not contain a vertex u of K 2 , then C ′ also does not contain u. Suppose that C does not contain a vertex v of K 1 . Let x ′ and y ′ be the end vertices of the path of P 1 ∪ R 1 that contains v. Let xx ′ and yy ′ be edges of P . Observe that x, y ∈ V (K 2 ) and xy ∈ S 2 . Hence, C ′ does not contain x and y.
Bipartitness of M(Q d ) and M(K n,n )
Let n be an even number. Observe that there is a natural one-to-one correspondence between perfect matchings of the complete bipartite graph K n,n and permutations on a set of size n. From algebra follows that if union of two perfect matchings forms a Hamiltonian cycle, then corresponding permutations have different parity. Hence, M(K n,n ) is bipartite. Following theorems follows from observation that
It is a natural question whether M(K n,n ) is bipartite also for n odd. The answer is negative for n > 1. Let b 0 , . . . , b n−1 and w 0 , . . . , w n−1 be vertices of K n,n . Let p be the smallest prime that divides n. Observe that a union of every pair of the following perfect matchings forms a Hamiltonian cycle: A partitioning of the edges of a graph into perfect matchings is a 1-factorization. A 1-factorization is perfect if the union of every pair of its perfect matchings forms a Hamiltonian cycle. Wanless [9] proved that K p,p and K 2p−1,2p−1 have perfect 1-factorization if p is a prime. Wanless [9] also proved that K n,n has no perfect 1-factorization if n is even and n > 2.
Observe that k-regular G on even number of vertices has a perfect 1-factorization if and only if M(G) contains a complete graph on k vertices as a subgraph. Hence, there is no perfect 1-factorization of Q d for d ≥ 3 by Theorem 2.
Connectivity of M(Q
We say that two perfect matching P and R are isomorphic if there exists an isomorphism
∈ R for every edge uv ∈ P . This relation isomorphism is an equivalence and it factorises the set of all perfect matching. Kreweras [1] Kreweras [1] proved by inspection of all perfect matching that the graphs M 3 and M 4 are connected and he conjectured the following:
It is more general to also ask whether the graph M(Q d ) is connected since the connectivity of M(Q d ) implies the connectivity of M d . The answer is negative for d = 3. However, we prove that this is the only counter-example.
We also study connectivity of M(K n,n ). Let n is odd number. From algebra follows that if union of two perfect matchings of K n,n forms a Hamiltonian cycle, then corresponding permutations have same parity. Hence, M(K n,n ) has at least two components. We prove following theorem.
Theorem 5. The graph M(K n,n ) has one component for n even and two components for n odd where n ≥ 2.
Moreover, it is easy to determine the distance between vertices of M(K n,n ). Let c(P ) be the number of components of the graph on a set of edges P .
Theorem 6. The distance between perfect matchings P and S in the graph M(K n,n ) is following:
n is even n is odd
Open problem
RisteŠkrekovski [11] asked whether the following stronger form of Kreweras' conjecture is true:
Does every (not necessarily perfect) matching of Q d for d ≥ 2, extends to a Hamiltonian cycle of Q d .
The statement can be shown to be true for d = 2, 3, 4. However, our approach does not seem to lead to proving this stronger statement.
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For the study of the properties of M(Q d ), one might ask what additional requirements can we pose on the extending perfect matching R in Theorem 1. For example, can we find R that satisfies Theorem 1 and contains only edges from a given list of layers of hypercube? A natural necessary condition says that the set D of allowed edges for R together with the prescribed matching P form a connected subgraph. The following result due to Gregor [10] shows that this condition is also sufficient in the case when D is formed by disjoint subcubes of (possibly different) nonzero dimensions.
For our convenience, let us consider P ∪ R where P = R = {{0, 1}} to be a Hamiltonian cycle of K(Q 1 ), so Theorem 1 holds for d ≥ 1. 
